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Abstract
In this paper, a class of fourth-order impulsive diﬀerential equations depending on
two control parameters is investigated. The existence and multiplicity of solutions are
obtained by means of the variational methods and the critical point theory. Finally, an
example which supports our theoretical results is also presented.
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1 Introduction
In this paper we will investigate the existence of inﬁnitely many solutions for the following
Sturm-Liouville boundary value problem:








, t = tj, a.e. t ∈ [,T], (.)
(BC) :
{
αu() – βu′() = , αu(T) + βu′(T) = ,











, j = , , . . . , l, (.)
where λ and μ are two real parameters; α, α, β, β are positive constants, f , g :
[,T] × R → R are L-Carathéodory functions, Ij, Ij : R → R are continuous functions,
j = , , . . . , l,  = t < t < t < · · · < tl < tl+ = T , u′′′(tj) = u′′′(t+j ) – u′′′(t–j ), u′′(tj) =
u′′(t+j )–u′′(t–j ), where y(t+j ), y(t–j ) denote the right and left limits of y(t) at t = tj, respectively.
We refer to the impulsive problems (.)-(.) as (IP).
In recent years, the existence and multiplicity of solutions for Sturm-Liouville bound-
ary value problems (for short BVPs) have been studied extensively in the literature (see, for
example, [–] and references therein). Some classical tools have been used to deal with
such problems in the literature, such as the method of upper and lower solutions with the
monotone iterative technique, the coincidence degree theory of Mawhin, and some ﬁxed
point theorems in cones (see [–]). Recently, many researchers [–] have studied the
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existence and multiplicity of solutions of impulsive problems by using variational meth-
ods and critical point theory. Moreover, among the papers where impulsive diﬀerential
equations are investigated by using variational methods, most are for a second-order dif-
ferential equation, whereas the ones for a fourth-order are mostly about Dirichlet bound-
ary conditions andNeumann boundary conditions. In [], the authors obtained suﬃcient
conditions that guarantee the existence of at least one solution or inﬁnitely many classical




u(iv)(t) +Au′′(t) + Bu(t) = f (t,u(t)), t = tj, a.e. t ∈ [,T],
–u′′(tj) = Ij(u′(tj)), j = , , . . . , l,
–u′′′(tj) = Ij(u(tj)), j = , , . . . , l,
u() = u(T) = u′′(+) = u′′(T–) = .
Cabada and Tersian in [] considered the existence and the multiplicity of solutions for




u(iv)(t) – au′′(t) + b(t)u(t) = c(t)|u|p–u, t ∈ [,T], t = tj,
u′′′(tj) = Ij(u′(tj)), u′′(tj) = –Ij(u(tj)), j = , , . . . , l,
u() = u(T) = u′′() = u′′(T) = .
By using the minimization, the mountain-pass and Clarke theorems, they obtained the
existence of at least one or inﬁnitely many nonzero solutions.
However, to our knowledge, besides [, –] for second-order impulsive diﬀerential
equations subject to Sturm-Liouville boundary conditions, the study of solutions for a
fourth-order Sturm-Liouville boundary value problem with impulsive eﬀects using vari-
ational methods has received considerably less attention (see, for example, [–]). In





–(ρ(t)ϕp(u′(t)))′ + s(t)ϕp(u(t)) = f (t,u(t)), t = tj, a.e. t ∈ [a,b],
–ϕp(ρ(t)u′(tj)) = Ij(u(tj)), j = , , . . . , l,
αu(a) – βu′(a) = A, αu(b) + βu′(b) = B.
(.)
They essentially proved that when f and Ij satisfy some conditions, the problem (.) has
at least two positive solutions via variational methods.
By means of the mountain-pass lemma and the linking theorem, Tian and Liu [] stud-
ied the Sturm-Liouville boundary value problems:




, t = tj, a.e. t ∈ [,T], (.)









, j = , , . . . , l, (.)
where f ∈ C([,T]×R,R). The main result is as follows.
Theorem A ([], Theorem .) Suppose that the following conditions hold.
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(C) There exist constants μ >  and r ≥  such that for |ξ | ≥ r,
 < μF(t, ξ )≤ ξ f (t, ξ ).
(C) The impulsive functions Ij satisfy sublinear growth, that is, there exist constants
aj > , bj > , and γj ∈ [, ), j = , , . . . , l such that |Ij(u)| ≤ aj + bj|u|γj .
(C) The impulsive functions Ij, j = , , . . . , l are bounded.
(C) f (t,u) = o(|u|), Ij(u) = o(|u|), Ij(u) = o(|u|) as |u| → , j = , , . . . , l.
Then the problem (.), (.), and (.) has at least one nontrivial solution.
Based on the knowledge mentioned above, the purpose of the present paper is to estab-
lish some new criteria for (IP) to have inﬁnitely many weak solutions via variational meth-
ods and critical point theory. We will prove the existence of an interval 	 ⊂ (, +∞) with
the following property: for each λ ∈ 	 there exists μ∗ >  such that, for each μ ∈ [,μ∗),
the problem (IP) admits inﬁnitely many solutions when the primitive F of f satisﬁes a suit-
able oscillatory behavior either at inﬁnity or at the origin, and the primitiveG of g exhibits
appropriate growth (see Theorems . and .).
2 Preliminaries
Hereafter, let X := {u ∈ H(,T)|αu() – βu′() = ,αu(T) + βu′(T) = } be endowed




u′′(t)v′′(t) + u′(t)v′(t) + u(t)v(t)dt, ∀u, v ∈ X,












Since X is a closed subspace of H(,T), (X;‖u‖X) is a Banach space. Deﬁne the usual












































= ( + T)‖u‖X . (.)
Throughout the sequel, let f , g : [,T]×R→ R be two L-Carathéodory functions. Re-
call that a function φ : [,T]×R→ R is said to be an L-Carathéodory function, if
(A) t → φ(t,u) is measurable for every u ∈ R;
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(A) u→ φ(t,u) is continuous for almost every t ∈ [,T];
(A) for each ρ > , the function lρ(t) := sup|u|≤ρ |φ(t,u)| belongs to L(,T).







































 f (t,x)dx, G(t,u) =
∫ u
 g(t,x)dx.
It follows from the properties of f , g and the continuity of Ij, Ij, j = , , . . . , l, that , 













































for every v ∈ X.
By a classical solution of (IP), we mean a function








that satisﬁes (.) a.e. on [,T], the boundary conditions (.) and the impulsive condition
(.). If f , g are continuous on [,T]×R, therefore each classical solution u ∈ C([tj, tj+]),
j = , . . . , l, and satisﬁes (.) for all t ∈ [,T] \ {t, . . . , tl}.









































for any v ∈ X.
Arguing as in Lemma . of [], one obtains the following result.
Lemma . The function u ∈ X is a weak solution of (IP) if and only if u is a classical
solution of (IP).
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Put
Eλ,μ :=(u) – λ(u), ∀u ∈ X.
By standard arguments, one infers that the critical points of the functional Eλ,μ are the
weak solutions of (IP). Hence, in view of Lemma ., the critical points of (IP) are the
classical solutions.
Our analysis is mainly based on the following critical points theorem of Bonanno and
Molica Bisci [], which is a more precise version of Ricceri’s variational principle [],
Theorem .:
Lemma . ([], Theorem .) Let X be a reﬂexive real Banach space. Let , : X → R
be two Gâteaux diﬀerentiable functionals such that  is sequentially weakly lower semi-
continuous, strongly continuous, and coercive and is sequentially weakly upper semicon-






γ := lim inf
r→+∞ϕ(r), δ := lim infr→(infX )+
ϕ(r).
Then
(a) For every r > infX  and every λ ∈ (, ϕ(r) ) the restriction of the functional  – λ to
–(–∞, r) admits a global minimum, which is a critical point (local minimum) of
 – λ in X .
(b) If γ < +∞ then, for each λ ∈ (, 
γ
), the following alternative holds: either the
functional  – λ has a global minimum, or there exists a sequence {un} of critical
points (local minima) of  – λ such that limn→+∞ (un) = +∞.
(c) If δ < +∞ then, for each λ ∈ (, 
δ
), the following alternative holds: either there exists a
global minimum of  which is a local minimum of  – λ , or there exists a sequence
{un} of pairwise distinct critical points (local minimum) of  – λ , with
limn→+∞ (un) = infX , which weakly converges to a global minimum of .
3 Main results and proof
In this section, we will state and prove our main results.
For convenience, put










(T ,M) := (T) + αβ(β + αT)
+ αβ(β + αT)
+  (k + k)M
,
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λ :=
M∗





Throughout this paper, we assume that












, for all η ∈ R, j = , . . . , l and i = , .
Theorem . Let f : [,T] × R → R be an L-Carathéodory function. Furthermore, as-
sume that
(H) {t, t, . . . , tl} ⊆ [T , T ] and (k + k)M < ;







< M∗M(T ,M) · lim supξ→+∞
∫ T/
T/ F(t, ξ )dt
ξ 
.
Then λ < λ and for every arbitrary λ ∈ 	 := (λ,λ), and for every arbitrary L-
Carathéodory function g : [,T]×R→ R such that
G(t,u)≥  for all (t,u) ∈ [,T]×R,

















with μ∗ = +∞ when G∞ = , then the problem (IP) has an unbounded sequence of weak
solutions in X.
Proof From (H) and the deﬁnitions of λ, λ it follows λ < λ, and μ∗ >  if λ < λ. Now
ﬁx λ and μ as in the conclusion, g satisfying our assumptions. Our aim is to apply part (b)
of Lemma . to (IP). To this end, consider the functionals ,  deﬁned in (.) and (.),
respectively.
Let {un} ⊂ X, un ⇀ u in X, then it converges uniformly to u on [,T] and
lim infn→∞ ‖un‖X ≥ ‖u‖X . Thus
lim inf


















































Therefore  is sequentially weakly lower semicontinuous.

























































So  is coercive.
On the other hand, if un ⇀ u in X then compactness of embedding X ↪→ C([,T]) im-
plies un → u in C([,T]) i.e., un → u uniformly on [,T]. Thus there is r >  such that
‖un‖ ≤ r for any n ∈ N. Since F(t,u) and G(t,u) are diﬀerentiable with respect to u for
a.e. t ∈ [,T]. Then F(t,un(t)) → F(t,u(t)) and G(t,un(t)) → G(t,u(t)) a.e. t ∈ [,T]. It




) ≤ rl(f )r (t) and G
(
t,un(t)
) ≤ rl(g)r (t),


































which implies is a sequentially weakly continuous functional on X. Hence the function-
als  and  satisfy the regularity assumptions of Lemma ..
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Put rn := M∗M ξ













‖v‖ ≤ ξn. (.)












































































Hence, λ ∈ (, 
γ
).
Next we shall show that the functional Eλ,μ is unbounded from below. Let {ηn} be a







αT+β (β + αt), for t ∈ [, T ),
ηn, for t ∈ [T , T ),
ηn
αT+β (Tα + β – αt), for t ∈ [ T ,T].
(.)
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(T) + k + k M
 + αβ(β + αT)
+ αβ(β + αT)
)
ηn
= (T ,M)ηn. (.)
On the other hand, by applying condition (H), the deﬁnition of G∞, and the nonnega-






















































At this point, put
Q∞ := lim sup
ξ→+∞
∫ T/
T/ F(t, ξ )dt
ξ 
. (.)
Then we have the following two cases:
Case . If Q∞ < +∞, there exists ε that satisﬁes




From (.), there is N >  such that








(T ,M) – λ(Q∞ – ε)
]
ηn
for every n >N. According to the choice of ε, one has limn→+∞ Eλ,μ(vn) = –∞.
Case . If Q∞ = +∞, take
σ > (T ,M)
λ
.
Then there exists N(σ ) >  such that
∫ T/
T/




(T ,M) – λσ
]
ηn
for every n >N(σ ). By the choice of σ , one infers that
lim
n→+∞Eλ,μ(vn) = –∞.
Therefore, the functional Eλ,μ is unbounded from below. By using the case (b) of
Lemma ., the functional Eλ,μ has a sequence of critical points such that limn→+∞ ‖vn‖X =
+∞ and the conclusion is obtained. 
Theorem. Let f : [,T]×R→ R be an L-Carathéodory function and (H) be satisﬁed.
Furthermore, assume that:
(H) There exist a ∈ L([, ]), b, d, and θ ∈ [, ) such that














< M∗( + T)M(T ,M) · lim supξ→+∞
∫ T/
T/ F(t, ξ )dt
ξ 
,
where lξ (t) = sup|u|≤ξ |f (t,u)|.









( + T)M · lim infξ→+∞ ‖lξ ‖Lξ
)
,
and every L-Carathéodory function g : [,T]×R→ R such that
G(t,u)≥  for all (t,u) ∈ [,T]×R,
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with μ∗ = +∞ when G∞ = , then the problem (IP) has an unbounded sequence of weak
solutions in X.





















∣∣ · ∣∣lξn (t)
∣∣.





























≤ ( + T)‖u‖X · ‖lξn‖L .
By the same argument as given in Theorem ., one has












































when G∞ >  and μ ∈ [,μ∗). When G∞ = , it follows from λ ∈ 	′ that








Therefore, λ ∈ (, 
γ
).
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On the other hand, if λ ∈ 	′, then there are a constant κ and a sequence of positive
numbers {ηn} with limn→∞ ηn = +∞, such that





= λ lim sup
ξ→+∞
∫ T/
T/ F(t, ξ )dt
ξ 
. (.)






































≥ –( + T)(‖a‖L + ‖ld‖L
)‖u‖X – b( + T)
+θ√T‖u‖+θX
 + θ . (.)
It follows from (.), (.), and the nonnegativity of G that




















)‖u‖X + ( + T)
+θ√Tb









)‖u‖X + ( + T)
+θ√Tb





Since θ ∈ [, ) and ηn → ∞ as n→ ∞, (.) implies that the functional Eλ,μ is unbounded
from below and the conclusion is obtained. 
The following results are three special cases of Theorem ..
Corollary . Let f : [,T] × R → R be an L-Carathéodory function. Assume that hy-










T/ F(t, ξ )dt
ξ 
> (T ,M).
For every arbitrary L-Carathéodory function g : [,T]×R→ R such that
G(t,u)≥  for all (t,u) ∈ [,T]×R,
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with μ∗ = +∞ when G∞ = , the equation








, t = tj, a.e. t ∈ [,T],
with boundary conditions (.) and impulsive conditions (.) admits an unbounded se-
quence of weak solutions in X.
Corollary . Let f : [,T] × R → R be an L-Carathéodory function. Assume that hy-






=  and lim sup
ξ→+∞
∫ T/
T/ F(t, ξ )dt
ξ 
= +∞.







and for every μ ∈ [, M∗MG∞ ), the equation








, t = tj, a.e. t ∈ [,T],
with boundary conditions (.) and impulsive conditions (.) has an unbounded sequence
of weak solutions in X.
Let q : R→ R be a nonnegative continuous function and p ∈ L([,T]) such that p(t)≥ 








Then we have the following special situation of Theorem . when μ = .
Corollary . Let f : [,T] × R → R be an L-Carathéodory function. Assume that hy-






















TM‖p‖L lim infξ→+∞ Q(ξ )ξ
)
,
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the equation




, t = tj, a.e. t ∈ [,T],
with boundary conditions (.) and impulsive conditions (.) has an unbounded sequence
of weak solutions in X.
In the following, using case (c) of Lemma . and arguing as in the proof of Theorem .,


































< M∗M(T ,M) · lim supξ→+
∫ T/
T/ F(t, ξ )dt
ξ 
.
Then λ < λ, and for every arbitrary λ ∈ 	′ := (λ,λ), and for every arbitrary L-
Carathéodory function g : [,T]×R→ R such that
G(t,u)≥  for all (t,u) ∈ [,T]×R,

















with μ′∗ = +∞ when G = , the problem (IP) has a sequence {un} of weak solutions such
that un ⇀ .
Proof From (H) and the deﬁnitions of λ, λ it follows λ < λ, andμ′∗ >  if λ < λ. Now
ﬁx λ andμ′∗ as in the conclusion, g satisfying our assumptions. Our goal is to apply part (c)
of Lemma . to  and  deﬁned in (.) and (.), respectively. As has been pointed out
before, the functionals ,  satisfy the assumptions of regularity required in Lemma ..
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According to (.), we get infX  = . By the deﬁnition of δ, one has
δ = lim inf
r→+
ϕ(r). (.)
Put rn := M∗M ζ

n for all n ∈ N. Then, for every v ∈ X with (v) < rn, in view of (.), one
has ‖v‖ ≤ ζn. Moreover, working as in the proof of Theorem ., it follows that δ < +∞,
and also 	′ ⊂ (, 
δ
).
Now it remains to show that the functional Eλ,μ does not have a local minimum at zero.
Let {ηn}∞n= be a sequence in (, τ ) (τ > ) such that ηn →  as n → +∞. For all n ∈ N






αT+β (β + αt), for t ∈ [, T ),
ηn, for t ∈ [T , T ),
ηn
αT+β (Tα + β – αt), for t ∈ [ T ,T].
For any ﬁxed n ∈N, it follows from condition (H), the deﬁnition of G, and the nonneg-
ativity of G that (.) holds.
Put
Q := lim sup
ξ→+
∫ T/
T/ F(t, ξ )dt
ξ 
. (.)
Suppose that Q < +∞. Then we can choose ε such that




From (.), there is N >  such that







(T ,M) – λ(Q – ε)
]
ηn
for every n >N. According to the choice of ε, one has limn→+∞ Eλ,μ(ωn) = Eλ,μ() < .
Similarly, for case Q = +∞, one also has limn→+∞ Eλ,μ(ωn) < . Therefore, we ﬁnd that
zero is not a local minimum of the functional Eλ,μ. Since() = infX  = , we deduce that
the energy functional Eλ,μ does not have a local minimum at the unique global minimum
of. So, by Lemma .(c), there is a sequence {un} of critical points of the functional Eλ,μ,
which converges weakly to zero. Because X is compactly embedded in C([,T]), it turns
out that the critical points converge weakly to zero, and the conclusion is obtained. 
Finally, we present an example to illustrate our main results.
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u(iv)(t) – u′′(t) + u(t) = λf (t,u(t)) +μg(t,u(t)), a.e. t ∈ [, ],
u′′(t) = u′(t) cos(u′(t)), –u′′′(t) = u(t), t =  ,
u() – u′() = ,

u() + u′() = ,
u′′() – u′′′() = ,

u′′() + u′′′() = ,
(.)
where T = , α = , α =  , β =

 , β = ; I(x) =

x cosx, I(x) =

x; f : [,T]×R→
R and g : [,T]×R→ R are L-Carathéodory functions deﬁned as follows:
f (t,x) =
{
, (t,x) ∈ [, ]× {},







 +  tx





 + x (

 + cos(ln |x|) –  sin(ln |x|)), (t,x) ∈ [, ]× (, +∞).
Then, for every λ ∈ (., .) andμ ∈ [, .–.λ), BVP (.) has a sequence












In fact, let k =  , k =

 , then condition (H) holds. Moreover, one has
F(t,x) =
{
, (t,x) ∈ [, ]× {},







 +  tx







 + x (

 + cos(ln |x|)), (t,x) ∈ [, ]× (, +∞).






= ., lim sup
ξ→+∞
∫ /
/ F(t, ξ )dt
ξ 
= .,
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which implies that condition (H) holds. Obviously, conditions (H) and (H) are satis-
ﬁed. Thus, by Theorem ., for every λ ∈ (., .) and μ ∈ [, . – .λ), the
problem (.) has an unbounded sequence of solutions in Y .
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